Introduction
In this paper we study vertical coherent instabilities in bunched beams with an emphasis on single bunch instabilities in which the growth time is less than the period of synchrotron oscillations. Single bunch instabilities have been studied by many people,1-3 however, in most treatments the standard assumption is that the coherent force can be treated as a perturbation compared to the synchrotron force. This simplifies the problem greatly since in this way an individual synchrotron mode is decoupled (or coupled only to a neighboring mode). In the regime of fast blow-up (growth time < synchrotron period) this assumption is not valid, and it is therefore necessary to include the coupling of all the synchrotron modes.
In addition, since the beam is bunched, all the revolution modes are coupled. This is true because the perturbed distribution of particles, *1, must be bunched azimuthally at least as much as the unperturbed bunch distribution, i0. So the solution must lead to a wave packet rather than a plane wave. This introduces a fundamental complication into the problem in that we must solve an integral equation rather than a dispersion relation.
To study the problem quantitatively: 1. We introduce the Vlasov equation with single particle equations of motion, and reduce this to an integral equation. 3. We solve the integral equation in this regime analytically. 4. We apply the results to a calculation of the stability of the injected bunch at ISABELLE.
The Equations of Motion
We are interested in vertical coherent instabilities. Since the coherent forces are typically much less than the focusing forces, we look for growth rates which are much less than the betatron frequency. Consistent with this assumption, we replace the true betatron motion by harmonic oscillations. In order to include the effect of synchrotron oscillations, we linearize this motion. With these assumptions the single particle equations of motion for our problem become where p is the distribution function in phase space,
[ , ] is the Poisson bracket, and H is the hamiltonian which yields equations (1) and (2 
o, WY, and w5 are the revolution frequency, betatron frequency, and synchrotron frequency respectively, and F(r,t) is the vertical coherent force. The first equation gives the synchrotron motion while the second gives the coherently forced betatron oscillation.
The coherent motion of a bunch of particles is given by the Vlasov equation. This can be written 
This form for D(k) suggests that we multiply Eq.
(12) by 7rI2J-/a and integrate over Jy This yields
where X -(w + wy)/ws and we have dropped the s subscript. At this stage one could introduce synchrotron harmonics; however, since we are interested in shifts in frequency which might be large compared to the synchrotron frequency, we will take a different approach. Now we would like to consider a broad band impedance at high frequency. This should lead to some simplification since this impedance is approximately constant over a broad range. Let r be the width of G(w) and let G be peaked at the cutoff frequency, wc. 
Since we are searching for instability, select the largest eigenvalue (y = 0); then using Eq. (9) we find 1 = ie m yc47lvw B(po,X)
where Ipeak = eN/(a/e').
(29)
We see that the solution of the integral equation has brought a factor of the local current (the peak current since we've used the largest eigenvalue). This makes sense physically because a broad band impedance corresponds to a very local interaction within the bunch. We have solved the integral equation in this regime, and we are left with a relation which is formally identical to the normal coasting beam dispersion relation. In the next section we study this dispersion relation and apply these results to a calculation of the stability of the injected bunch at ISABELLE.
The Dispersion Relation
It is convenient for the following discussion to define Rio --ieiDeak c) an 2 = p2 f2 mRec=vw5 and A2 -pa2
With these changes we may rewrite Eq. (29) 
For proton machines A is typically large. In Fig. 1 we plot the 2 upperbounds evaluated for A = 35 which corresponds to the value for ISABELLE. In Fig. 2 pinms This is the threshold given by the unit circle in Fig. 2 . As you see, the actual threshold for a given impedance will be at somewhat larger current due to the shape of the map of b in Fig. 2 .
Notice the "phase transition" in Fig. 1 from the slow blow-up regime to the fast blow-up regime. This phase transition becomes the coasting beam threshold as as + 0; however, for as finite there will be a region of slow blow-up due to the head-tail effect' which we have suggested by extending the curve to Im(X) < 1. (A detailed analysis of this transition will be given by the first author in an upcoming doctoral dissertation.)
To conclude, we take the impedance at ISABELLE to be a broadband impedance plus space charge. In order to estimate the broadband impedance we let Z11 /n = 10 Q and scale the transverse impedance according to If we apply the above results, we find that for the injected bunch on the injection orbit I/Ith = 2. If we follow the curve in Fig. 1 
